For each k = 0, 1, 2, . . . we define an equivalence relation called k-quasi-isotopy on the set of classical links in R 3 up to isotopy in the sense of Milnor (1957), such that all sufficiently close approximations of a topological link are k-quasi-isotopic. Whereas 0-quasi-isotopy coincides with link homotopy, 1-quasi-isotopy is not implied by concordance, because of the generalized (lk = 0) Sato-Levine invariant. Thus k-quasi-isotopy is not completely described by the lower central series quotients of the fundamental group. More intriguingly, it is almost certainly not determined by the derived series quotients, since the natural quotient with respect to k-quasiisotopy, while isomorphic to Milnor's link group for k = 0, is in general an Engel-type group whose derived subgroups are interposed between the lower central subgroups. A special case of the Isotopic Realization Problem motivates the question, whether this quotient is always nilpotent, which seems highly unlikely yet hard to disprove; indeed we show that all of its finite epimorphic images are nilpotent. Nevertheless, we prove k-quasi-isotopy invariance of Milnor'sμ-invariants of length ≤ 2k + 3 (leading to invariance of certain coefficients of Conway's polynomial) and sharpness of this restriction. We also discuss relations with n-splitting of Smythe and the effect of Whitehead doubling on our filtration.
Introduction
The purpose of this paper is to introduce and study a sequence of equivalence relations on the set of classical links in R 3 , the k th relation being called k-quasiisotopy, where k is a nonnegative integer (in Part II the case where k is an infinite ordinal number will also be considered). Roughly speaking (see §2 for precise definition), two links are k-quasi-isotopic if they are PL homotopic in the class of maps admitting application of k steps of the (appropriately understood) PenroseWhitehead-Zeeman-Irwin trick (see [PWZ] , [Ir] , [Ze1] , [RS] , [Ru] , [Ze2] ). At this point it is perhaps useful to observe that the original construction of Casson handles [Ca] can be though of as an example of application of infinitely many steps of this trick. The relation of k-quasi-isotopy turns out to be unexpectedly directly related to Cochran-Orr k-cobordism and to Goussarov-Stanford k-equivalence for certain 'modulo knots' setting of finite type invariants of links (these matters are pursued in Part II) as well as to Kobayashi's k-contractibility [Ko] (which is a variation of Smythe's k-splitting, which in turn was a variation of Eilenberg's k-linking), see §2.
Actually k-quasi-isotopy appeared in an attempt of the first author to give a positive solution to a special case [Me1;  Question I] of the so-called Isotopic Realization Problem (proposed by Shchepin in 1993). The question was, does there exist a locally-flat topological immersion (between manifolds) which is discretely realizable, i.e. arbitrarily closely approximable by topological embeddings, but not isotopically realizable, i.e. no topological embedding can be taken onto it by a pseudoisotopy of the ambient manifold (under pseudo-isotopy we mean a homotopy h t , t ∈ I = [0, 1], such that h t is a homeomorphism for t < 1).
1 A higher-dimensional example S n → R 2n , n ≥ 3, of this type has been found recently [Me2] , but the innocent-looking case of classical dimensions, which was the initial motivation for the question, is still unresolved:
Problem 0.1. Is there a locally-flat topological immersion of a 1-manifold into a 3-manifold, not obtainable from a topological embedding via a pseudo-isotopy? A possible candidate f : I 1 ⊔ I 2 → R 3 (with a single double point) is like the Wilder arc but has the Whitehead links in place of the trefoils, see Fig. 1 (any other links with unknotted components would also fit). Despite geometric evidence, presence of all wild embeddings among the ones to be proved not to pseudo-isotop onto f makes it extremely difficult to verify that f is indeed the desired example (compare [Me1; Example 1.5] ). An approach based on k-quasi-isotopy was suggested in the shorter note [MM] . Namely, using the fact (see Corollary 2.4a of the present paper) that any two PL links, sufficiently close to a given topological link, are k-quasi-isotopic, it is easy to see that a positive answer to Problem 0.1 would be implied by the positive answer to the second (and hence to the first) part of the following question of independent interest.
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Problem 0.2. Does there exist, for some finite k and m, a nonnegative integer 1 The general Isotopic Realization Problem asks whether the two concepts of realizability coincide for an arbitrary given continuos mapping. In higher (co)dimensions, it was shown to reduce essentially to the question of vanishing of certain obstruction in the derived limit of certain inverse spectrum of finitely generated Abelian groups, see [Me1] , [Me2] for details. A non-locally-flat topological immersion I ⊔ I → R 3 has been constructed for which they do not coincide [Me1] .
2 It should be noted that the approach to Problem 0.1 via Problem 0.2 certainly does not work for the map on Fig. 1 , since the Whitehead link can be cancelled (up to ambient isotopy) by taking a connected sum with its mirror image. Apparently this trouble is somewhat accidental, because, as we show in the end of §1, it vanishes if to consider links of arcs in R 2 × I instead of usual links.
valued invariant I of k-quasi-isotopy of m-component PL links in R 3 such that (a) I(L♯L ′ ) ≥ I(L) + I(L ′ ) for any L, L ′ and 3 ♯, and I(Λ) ≥ 1 for some Λ with unknotted components?
(b) (non-commutative version) I(L♯L ′ ) ≥ I(L) for any L, L ′ and ♯, and there exists a series of PL links L 1 , L 2 , . . . such that for each n, I(L n ) ≥ n and L n = L n−1 ♯Λ n for some ♯ and some Λ n with unknotted components, where L 0 = unlink?
Our additional interest in Problem 0.2 comes from the belief that it is a good enough formalization of the intuitive question, whether the 'phenomenon of linking' (regarded solely as a feature of interaction between distinct components) admits the possibility of 'accumulation of complexity', as it happens in the case of the 'phenomenon of knotting'. Perhaps it would be a more natural formalization if instead of k-quasi-isotopy we used (non-locally-flat) PL isotopy, i.e. ambient isotopy plus births and deaths of local knots (cf. [Ro1] ). However it will be clear from the definition that if two links are PL isotopic then they are k-quasi-isotopic for all k (in fact, it suffices that they are topologically isotopic in the sense of Milnor [Mi2] , see Corollary 2.4b), meanwhile in Part II we will see that the reverse implication holds modulo the conjecture that PL isotopy types of links are completely detemined by finite type invariants, well-defined up to PL isotopy. Thus, modulo this familiar conjecture, our formalization is a kind of finite type version of the natural one.
A straightforward way to find an invariant as required in 0.2 is to extract it from some quotient of the fundamental group π 1 (R 3 \ L), invariant under k-quasiisotopy. As observed in [MM] , in view of Stallings' Theorem on lower central series [Sta] , [Co1] , this is impossible if the quotient is nilpotent. Indeed, from the Stallings Theorem it follows that any nilpotent quotient is invariant under link concordance, whereas by taking the connected sum of any link with its mirror image 'orthogonally to the mirror' (the reflection is meant to be done both in the domain and in the range), one obtains a slice link. Thus the first step towards the solution of 0.2 (and therefore 0.1) is to search for non-nilpotent quotients, invariant under k-quasi-isotopy.
Part I of the present paper was primarily motivated by the question of their existence. Since the latter still remains open, the suggested approach is far from being completed, although some of the results below indicate that it is not hopeless. In particular, we show that no nilpotent quotient of the fundamental group can be a complete invariant of 1-quasi-isotopy (Corollary 1.3). The generalized Sato-Levine invariantβ of Kirk, Livingston [KL] , Akhmet'ev, Repovš [Akh] , [AR] , Polyak, Viro and Malešič [PV] + [AMR] appears to be of some importance here.
On the other hand, in §3 we study certain quotient G k (L) of the fundamental group, invariant under k-quasi-isotopy. It is very likely, and certainly true for k = 0, 1, that this quotient retains as much information as possible in the sense that each basic relation imposed on the fundamental group can be realized by some k-quasi-isotopy. For k = 0 the relation of 0-quasi-isotopy is the same as link homotopy, and the quotient G 0 (L) coincides with the widely studied Milnor group G(L), which is well-known to be nilpotent [Mi1] (and indeed the answer to 0.2 is negative for k = 0 since concordance implies homotopy [Gi2] , [Go] ). Recently R. Mikhailov has proved, using a thorough analysis of the Hall basis, that in the case of two-generated fundamental group the quotient G 1 (L) is nilpotent of class 4.
For arbitrary k the quotient G k (L) still resembles the Milnor group (from which all Milnor's µ-invariants with distinct indices can be extracted [Mi1] ) in such a way that using it we are able to prove that all µ-invariants with at most 2k + 3 indices are invariant under k-quasi-isotopy (Corollary 3.5; a different proof of this fact is given in Part II). Next we show that after substituting all constants (if any) by variables in each of the relations in G k (L) that does not come from π(L), the quotient becomes nilpotent (for k = 1), or all of its residually finite quotients become nilpotent (see Theorem 3.8a). Another observation is Corollary to Theorem 3.8c. Any finite epimorphic image of G k (L) is nilpotent.
However, it is not likely that G k (L) is always nilpotent. We see in §3 that our difficulties in disproving its nilpotence are closely related to two outstanding problems in combinatorial group theory (cf. [BM] , [Va] , [Rob] , [KM] ), whether finitely generated n-Engel groups are nilpotent, and whether the set of Engel elements is always a subgroup. Actually our proof Theorem 3.8 rests on several algebraic results related to these problems.
Remarks. (i).
The term 'k-quasi-isotopy' was motivated by the following considerations. A compact polyhedron X is said to be quasi-embeddable (cf. [SSS] , [RS] ) into a PL manifold Q, if for each ε > 0 there exists a map X → Q with all pointinverses of diameter at most ε (such a map is called an ε-map). It is natural to call two embeddings X ֒→ Q quasi-isotopic if for each ε > 0 they can be joined by a homotopy in the class of ε-maps. (For links of spheres in a sphere in codimension ≥ 2 this is clearly equivalent to being link homotopic.) Using the techniques of the Homma-Bryant proof [Br] (which can be thought of as the controlled version of the Penrose-Whitehead-Zeeman-Irwin trick) of the Chernavskij-Miller Approximation Theorem, one can generalize these concepts to define k-quasi-embeddability of a compact polyhedron X into a PL manifold Q and k-quasi-isotopy between PL embeddings X ֒→ Q, so that these agree with the definitions of the present paper in the case of classical links. Although these generalizations can be seen to be of some interest (compare [Me1; Cj. 1.10]), we do not pursue them in the present paper.
(ii). There are some reasons to regard the Homma-Bryant technique as somewhat complementary or alternative to the technique of gropes. Indeed, the latter was first employed by Shtan'ko to prove a version of the Chernavskij-Miller Theorem for compacta (cf. [Ed2] ), and according to [Ed2; last line on p. 96] it works to give yet another proof of the Chernavskij-Miller Theorem (but note that, though Shtan'ko's Theorem implies the Chernavskij-Miller Theorem via a theorem of Bryant-Seebeck, this does not yield the desired proof, since the latter rests on the Chernavskij-Miller Theorem itself). Later, both gropes and Casson handles have played an important role in 4-manifold topology. Now, we see that both viewpoints -gropes and k-quasiisotopy -yield nice geometric descriptions of finite type invariants -respectively, of knots [CT] and of links 'modulo knots' (see Part II).
(iii). In attempt to reduce Problem 0.1 to a question about tame links, one is rather naturally led to the concept of k-quasi-isotopy. Indeed, we will immediately obtain such a reduction once we have an equivalence relation on PL links such that any two PL links sufficiently close to a given topological link are equivalent. In codimension ≥ 3, it was proved by Edwards [Ed1] that any two PL embeddings sufficiently close to a given topological embedding are joined by a small PL ambient isotopy. Hence we could obtain the desired equivalence relation by examining which general position properties are essential for Edwards' Theorem. Now, Edwards' proof rests mainly on radial engulfing and on Slicing Lemma [Ed1; 4.1], proved by a version of the Penrose-Whitehead-Zeeman-Irwin trick where the usual application of engulfing is excluded. An alternative proof of Edwards' Theorem can be given along the lines of [Ze2; proof of Theorem 24] using the Homma-Bryant technique instead of the Penrose-Whitehead-Zeeman-Irwin trick. In either case, we inevitably arrive at the concept of k-quasi-isotopy.
1.β as an invariant of 1-quasi-isotopy
This section is a kind of warming-up and may be omitted on the first reading.
3 be two PL links. As we will see from the general definition of k-quasi-isotopy in §2, they are 0-quasi-isotopic, iff they are homotopic in the sense of Milnor [Mi1] , i.e. homotopic within the class of maps taking the two circles onto two disjoint subsets of R 3 . (We recall that such maps are called link maps; for 0-quasi-isotopy we still prefer the usual term, link homotopy).
Next, f 0 and f 1 are 1-quasi-isotopic iff they are PL homotopic through maps f t with at most single transversal self-intersections of the components such that for each singular point f t (p) = f t (q), p, q ∈ S 1 i , dividing f (S 1 i ) into two loops, at least one of these loops is null-homotopic in the complement to the other components S 1 j , j = i. Following [KL] , we call these two loops the lobes of f t . Besides this definition, we have its geometrical and homological versions: f 0 and f 1 are strongly (weakly) 1-quasi-isotopic iff the above holds with 'null-homotopic' replaced by 'contained in a PL 3-ball' (resp. 'bounding an orientable surface'). The following implications are straightforward (PL isotopy is not assumed to be locally flat).
PL isotopy ⇒ strong 1-quasi-isotopy ⇒ 1-quasi-isotopy ⇒ weak 1-quasi-isotopy ⇒ homotopy First we observe that the (left handed) Whitehead link W, recalled on Fig. 2b , though homotopically trivial, is not weakly 1-quasi-isotopically trivial (thus being a kind of higher analogue of the Hopf link H, Fig. 2a , nontrivial up to 0-quasi-isotopy, as detected by the linking number). Indeed, the crossing change formula [Jin] for the Sato-Levine invariant β implies its invariance under weak 1-quasi-isotopy:
where two-component links L + , L − : S 1 ⊔ S 1 ֒→ R 3 differ by a single positive selfintersection of one component, leading to two lobes whose linking numbers with the other component are n and −n, as far as we assume lk(L + ) = lk(L − ) = 0. We call the process of self-intersection positive if, given a choice of orientation of the component that crosses itself and a choice of ordering of the two singular points p, q, the triple consisting of the positive tangent vector at L − (p), of that at L − (q), and of the vector L − (p) − L − (q), agrees with a fixed orientation of the ambient space (this is clearly independent of the two choices). The formula (1.1) along with the requirement that β(unlink) = 0 suffices to evaluate β on any link with vanishing linking number, so β(W) = 1 and the statement follows.
Next, one could ask, whether the three versions of 1-quasi-isotopy are distinct. The untwisted left handed Whitehead double of W, denoted W 2 (Fig. 2c) , is clearly 1-quasi-isotopically trivial but seemingly not strongly 1-quasi-isotopically trivial since the Whitehead curve in solid torus cannot be engulfed. Meanwhile a link of two trefoils W ′ 2 obtained by a twisted Whitehead doubling of each component of the Hopf link ( Fig. 2d) can be seen to weakly 1-quasi-isotop onto the unlink, yet it is natural to conjecture that it is nontrivial up to 1-quasi-isotopy. Problem 1.1. Find invariants discriminating the three versions of 1-quasi-isotopy.
Apart from these matters, let us see the difference between (either version of) 1-quasi-isotopy and (either version of) concordance. Consider the well-known link M depicted on Fig. 3a . We call it the Mazur link (compare [Ma1] ) since it was used in the construction of Mazur's contractible 4-manifold (see [Da] ) although it has also implicitly appeared in a number of other constructions (e.g. of the FoxArtin wild arc and of the Bing sling). The Mazur link is obviously F-isotopic 4 Two links are called F-isotopic [Sm2] , [Ro1] if one can be obtained from another by a sequence of substitutions of a PL-embedded component K i with an arbitrary knot K ′ i lying in its regular neighborhood V (K i ) and homotopic to K i in V (K i ), and of reverse operations.
On the other hand, both M and M ′ are not weakly 1-quasi-isotopic to the Hopf link, as detected by the generalized Sato-Levine invariantβ (compare [KL; p. 1351] ). The definition ofβ as of type 1 invariant (with respect to the space of all link maps S 1 ⊔ S 1 → R 3 , as opposed to the space of all maps) is as follows [KL] , [AR] . Given two links L + , L − : S 1 ⊔ S 1 ֒→ R 3 , related by a single positive crossing change on one component so that the two lobes' linking numbers with the other component are n and l − n, where l = lk(L + ) = lk(L − ), we have the formulã
In addition, it is assumed thatβ(H n ) = 0, where H n is the (2, n)-torus link oriented so that lk(H n ) = n, in partucular H 1 = H (for discussion of other possible choices of H n 's see [KL] ). It follows thatβ(
Remark. Thatβ is well defined by the above formula, was proved explicitly in [AR] and by observing its relation with the Casson-Walker invariant of rational homology 3-spheres in [KL] . An approach via Gauss diagrams was suggested by Polyak and Viro [PV] and related to the above definition in [AMR] (a misprint occuring in the definition ofβ in [PV] was corrected in [AMR] ). It was observed that the difference between the values ofβ on L + and L − can be made linear in the linking numbers if one replaces arbitrary self-intersections by the so-called ∆-moves [Akh] , [AMR] .
It turns out thatβ = c 3 =μ (1122) [Stu] , [Co2; §9] , [Co4] ), where c 3 is the third coefficient of Conway's polynomial.
5 In fact the integersβ and c 3 are not equivalent in general (their difference is l times the linking number of the two lobes [KL] ), whileμ(1122) was originally defined only modulo l [Mi1] , [Mi2] . Moreover, from Levine's homotopy classification of four-component links one can see (cf. [Le1; Table 4 ]) that the homotopy class of any four-component link with µ(ij) = 0 or l · sign(j − i), according as i, j belong to the same set of {1, 2} and {3, 4} or not, is completely determined by l and the residue classes of µ(1234), µ(1324) modulo l (these correspond to Levine's e 8 and e 7 ). Thus, unless the linking number vanishes,β is not the pullback of a link homotopy invariant under the tranformation R 2,2 , adding to each component of the link its zero push-off.
6 Summarizing, we state Proposition 1.2. The generalized Sato-Levine invariantβ remains unchanged under weak 1-quasi-isotopy. It is not an invariant of PL concordance or of Fisotopy and not an R 2,2 -pullback of a link homotopy invariant, but becomes all of these when reduced modulo the linking number, since it turns then intoμ(1122).
Indeed, allμ-invariants are preserved under topological I-equivalence (hence under PL concordance and, by the Giffen trick, under F-isotopy) since they are defined from the quotients of the fundamental group by the finite terms of its lower central series, equipped with the peripheral structure, which are invariant by Stallings' theorem [Sta] , [Co1] (concerning invariance ofβ mod lk under I-equivalence see also [Co2; §7] , [Co3] , [Co4] ).
Under peripheral structure of the fundamental group of an m-component link we mean the set of m pairs (m i , l i ), i = 1, . . . , m, each defined up to conjugation by an element of the group, i.e. so that the pair (m i , l i ) is equivalent to (g −1 m i g, g −1 l i g) for any g in the fundamental group. Each (m i , l i ) is obtained as the pair consisting of a meridian and the corresponding longitude to the i th component of the link (see [Mi1] , [Le1] for more details). For any quotient of the fundamental group, the peripheral structure of the latter yields that of the former in the obvious way.
Notice that the lower central series quotients of the Mazur link and of the Hopf link are isomorphic (namely, all of them are Z ⊕ Z) preserving the peripheral structure, since the links are I-equivalent. Asβ distinguishes them, we have Corollary 1.3. No nilpotent quotient of the fundamental group, even if equipped with the peripheral structure, is a complete invariant of 1-quasi-isotopy.
Recall that the peripheral structure makes the fundamental group of a link into a complete invariant of ambient isotopy (see [Ka] ). The following should be compared with [Sm2; §4, Lemma], [Sm3; §5] . Problem 1.4. Canβ be extracted from the quotient of the fundamental group by its second commutator subgroup with the peripheral structure?
Remarks. (i). As observed in the introduction, the reduction of Problem 0.1 to Problem 0.2 fails for the map on Fig. 1 . However, we can overcome this by slightly changing our setting. An m-component I-link is a PL embedding
. . , m} for i = 0, 1. The ambient isotopy classes of I-links should not be confused with those of string links or tangles (in our case the endpoints need not be fixed, but should remain in either 0 × R 2 or 1 × R 2 ). Notice that the operation of connected sum, though noncommutative, is well-defined for two-component I-links. For any integer n there is an evident canonical procedure C n which assigns to any two-component I-link L some usual link C n (L) of linking number n in such a way that C n (I-unlink) = H n . Now, there is an I-link V (which can be seen to appear three times in Fig. 1 ) such that C 0 (V ) is the (left handed) Whitehead link. The link C 1 (V ♯rV ), where rV denotes the mirror image of V , is the false Mazur link (Fig. 3c) , which is not 1-quasi-isotopic to the Hopf link. Therefore the I-link V is not cancelled by rV even up to 1-quasi-isotopy.
(ii). Generalizing the above argument we see thatβ gives rise to a countable family of integer valued invariantsβ
Moreover after a suitable reparametrization it can be assumed that the i th invariantβ i changes its value by ±1 under any self-intersection such that the algebraic number N of intersections of a disk spanned by the loop on the singular component and the other component equals i, and preserves its value under any other self-intersection. Indeed, set
where the infinite product is to be understood as the limit, over n → ∞, of finite products where j runs over S n = {i − n, . . . , i − 1, i + 1, . . . , i + n}. Actually the product (1.3) is infinite only formally, since the latter finite products stabilize for sufficiently great n. Indeed, for L being the I-unlink all these products are zero, while under any self-intersection each of the finite products starting with the n th one, where S n ∋ N / ∈ S n−1 , remains unchanged, unless i = N , in which case each product jumps by ±1 (depending on the sign of the self-intersection).
One could hope that these invariants suffice to solve Problem 0.1 via the I-link version of Problem 0.2 for k = 1. However there is an I-link V ′ such that C 0 (V ′ ) is the right handed Whitehead link, and it is easy to see that allβ i 's vanish on the I-link V ♯V ′ .
The discussion of weak 1-quasi-isotopy of two-component links will be continued in Part II from the viewpoint of Cochran's derived invariants.
k-quasi-isotopy and its basic properties
Definition. Let k be a nonnegative integer. A PL map f :
are to be thought of as contained in the class of strong k-quasi-embeddings.
If the balls B n above are replaced with arbitrary compact polyhedra P n ⊂ R 3 , where P 0 = {f (p)}, such that each inclusion P n ∪ f (J n ) ⊂ P n+1 induces trivial homomorphism on fundamental groups, then f is called a k-quasi-embedding. For example, if k = 2, this means precisely the following (we leave the verification to the reader). At least one of the two lobes of f , denoted f (J 0 ), where ∂J 0 = {p, q}, is null-homotopic in C, as if k were one. Moreover, there exists a null-homotopy F 1 of the loop f (J 0 ) such that its track F 1 (Int D 2 ) meets the image of f transversely in finitely many points f (p 1 ) = F 1 (q 1 ), . . . , f (p l ) = F 1 (q l ) such that the following holds for each j = 1, . . . , l. For some arc I 1j ⊂ D 2 , joining q j to F
1 f (q) and for at least one of the two arcs J 1j , J ′ 1j ⊂ S 1 i , joining p j to p and to q respectively, say for J 1j , the loop F 1 (I 1j ) ∪ f (J 1j ) is null-homotopic in C. Note that both cases, p j / ∈J 0 and p j ∈J 0 , can occur (compare examples (i) and (iii) below, respectively). Furthermore, if the singular set of F 1 contains closed curves, there must be yet more generators in π 1 (F 1 (D 2 ) ∪ f (J 1 )), and these should also be null-homotopic in C.
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The notions of k-quasi-embedding and strong k-quasi-embedding can be thought of as arising from two interpretations of the Penrose-Whitehead-Zeeman-Irwin trick. The engulfing lemma, which is used twice (in the domain and in the range) in each step of the trick, can be either regarded as an essential part of the trick, or taken for granted. (As we slip from codimension ≥ 3 to codimension two, where the engulfing lemma is no longer available, the choice becomes important.) 7 Unfortunately it is not clear to us, whether the latter condition can be eliminated in the spirit of the proof of Dehn's Lemma. If we omit it (and its higher analogues for k > 2) from the definition of k-quasi-embedding, we will obtain essentially the following. We call f a virtual k-quasi-embedding if there exist Pn's and Jn's as in the definition of k-quasi-embedding, except that the requirement that the inclusions Pn ∪ f (Jn) ⊂ P n+1 be inessential is weakened as follows. There should exist (abstract) polyhedraP 0 ⊂ . . . ⊂P k and a map φ :P k → P k such that the inclusions Pn ∪ φ −1 (f (Jn)) ⊂ P n+1 are inessential and φ maps φ −1 (f (J k )) homeomorphically. It can be verified that all major results of this paper and of Part II hold if to replace everywhere 'k-quasi-isotopy' with 'virtual k-quasi-isotopy' (defined in the obvious way), and moreover that G k (L) (see §3) is the maximal quotient of π 1 (R 3 \L) that is invariant under virtual k-quasi-isotopy.
Next, replacing in the definition of k-quasi-embedding the induced homomorphism of fundamental groups by the induced homomorphism of the first homology groups, we define when f is a weak k-quasi-embedding. Notice that the inclusion P j ∪ J j ⊂ P n necessarily sends the group π 1 (P j ∪ J j ) into the (n − j) th derived subgroup of π 1 (P n ). In the subsequent reformulation for k = 2 the null-homotopy of I 1j ∪ f (J 1j ) should be regarded as a null-homology (i.e. a mapping of an orientable surface M with boundary ∂M ∼ = S 1 being mapped homeomorphically onto I 1j ∪ f (J 1j )), while the null-homotopy of f (J 0 ) is to be understood as a mapping of a grope of 'derived' class two (i.e. of an orientable surface M , ∂M ∼ = S 1 , with the natural basis of 1-homology glued by orientable surfaces
3 be two PL links. We say that they are (weakly, strongly) k-quasi-isotopic, if they are PL homotopic through maps f t with at most single transversal self-intersections of the components, all of which are (weak, strong) k-quasi-embeddings. (Beware, there is a difference in terminology: strong k-quasi-isotopy in the above sense was called k-quasi-isotopy in [MM] .)
Without loss of generality the PL homotopy can be assumed to be locally flat since the self-intersections required to introduce a local knot can be carried out by a PL isotopy (cf. [Ro1] ), hence by a strong k-quasi-isotopy for an arbitrarily great k, where B 1 = B 2 = · · · = B k is a small PL ball containing the singular local knot. We note that without loss of generality it can be assumed above that the polyhedra P i and the unions P i ∪ J i are connected and, by piercing small holes, have trivial π 2 and H 2 , respectively (compare [Sm3] ), which justifies our concentration on π 1 and H 1 . The reader is encouraged to visualize (ii) a strong k-quasi-isotopy between any two twisted versions of M k which differ only by some number of full twists in the rightmost clasp;
(iii) a null-(k − 1)-quasi-isotopy for the link W k , the k-fold untwisted left handed Whitehead double of the Hopf link (for k = 1, 2 see Fig. 1bc , for k = 3 see Fig. 5a assuming the two full twists, N i = 0); (iii ′ ) a null-(k − 1)-quasi-isotopy for any k-fold Whitehead double of the Hopf link, which is untwisted (i.e. may differ from W k by at most one positive half-twist) at each of the first (or last) k − 1 stages and is arbitrarily twisted at the last (resp. first) stage (on Fig. 5a one of the numbers N 1 , N 3 may be any integer, while each of the two remaining N i 's should equal either zero or one); (iv) a weak null-(k − 1)-quasi-isotopy for an arbitrarily twisted k-fold Whitehead double of the Hopf link (see Fig. 5a where the N i 's are arbitrary; see also Fig. 2d) ; (v) a (weak) k-quasi-isotopy between any versions of W k , untwisted at the first k − 1 stages and arbitrarily twisted at the last stage (resp. arbitrarily twisted at all stages), which differ from each other only at the last stage. It does not matter which component is being doubled in iterated left handed untwisted Whitehead doubling of the Hopf link (and therefore W k is well-defined) by symmetricity of W 1 , i.e. realizability of its components' interchange by an ambient isotopy, applied inductively as shown on Fig. 5b .
See also related examples in [Ko; [5] [6] . In that paper Kobayashi defines socalled k-contractibility of links, which is related to k-quasi-isotopy in the same way as k-splitting in the sense of Smythe [Sm3] is related to weak k-quasi-isotopy. We will concentrate on comparison of the latter two notions, leaving that of the former ones to the reader.
Suppose A, B ⊂ R 3 are arbitrary compact polyhedra. They are said to be n-split from each other if there exists a sequence of compact polyhedra
, induced by the inclusion, is trivial. It is shown in [Sm3] that the relation of being n-split is symmetric and that if both B and R 3 \ B are connected, the A i 's can always be chosen to have trivial reduced 0-and 2-homology.
Clearly, if f is a weak k-quasi-embedding with a single double point, the weakly k-inessential lobe of f is (k−1)-split from the union of the non-singular components. Using this observation, it is easy to see that if the i th component of a link is nsplit from the union of the other components, then the link, obtained by Whitehead doubling, twisted or not, of this component, is weakly (n+1)-quasi-isotopic to a link with the i th component split by a PL embedded S 2 from the other components. On the other hand, if the i th component of a link is null-homotopic in a polyhedron, (n − 1)-split from the union of the other components, then the link is evidently weakly n-quasi-isotopic to a link with the i th component split by a PL embedded S 2 from the other components. In particular:
Proposition 2.1. a) A Brunnian link with a component inessentially contained in a polyhedron (n − 1)-split from the union of the other components is weakly n-quasi-isotopically trivial. b) If a component of a Brunnian link is (n − 1)-split from the union of the other components, then the Whitehead double of the link on this component with arbitrary twisting is weakly n-quasi-isotopically trivial.
A Brunnian link (after Brunn, 1892) is a link with each proper sublink trivial (in our case it is of course sufficient that it be weakly n-quasi-isotopically trivial).
Remarks. (i).
The example of the Borromean rings shows that 2.1 cannot be 'desuspended', that is, a Brunnian link with a component n-split from the other components is not necessarily weakly n-quasi-isotopically trivial.
(ii). On the other hand, neither version of k-quasi-isotopic triviality implies even 1-splitting, as the link M k+1 is strongly k-quasi-isotopic to the trivial link, but is not a boundary link (cf. [Sm1] ), as detected by Cochran's invariants [Co2] .
(iii). As for 'sharpness' of 2.1, we note that the components of the link W n−1 are (n − 2)-split from each other (cf. [Sm3] ), meanwhile a strong geometric evidence supports the conjecture that W n is not weakly n-quasi-isotopically trivial.
Once Whitehead doubling appears in 2.1, it is natural to study the behaviour of our filtration under this operation in general. Unfortunately, it seems to be rather complicated, mainly due to the difficulties arising when trying to insert the track of a k-quasi-isotopy (let it be even with a single self-intersection) into the sequence of polyhedra P i from the definition of k-quasi-isotopy, leaving alone the problem of combining the sequences corresponding to different self-intersections. However, we state the following evident 
For example by means of (a) we see that a twisted Whitehead double of all components of the Borromean rings is weakly 2-quasi-isotopically trivial.
(ii). As for (b), it does not seem to generalize naturally to weak k-quasi-isotopy, but possibly it will if Whitehead doubling is generalized to a family of operations somewhat similar to k-fold antiderivation of Cochran [Co2] . 3 there exists an ε > 0 such that any PL general position homotopy l t , ε-close to h t , is a strong k-quasi-isotopy.
For the sake of clarity we give an explicit proof only for k = 1. The case k = 0 is easy, while for k ≥ 2 the proof is easy to obtain from our argument for k = 1.
Proof of the case k = 1. Let δ > 0 be the minimal distance between distinct components h t (S
2 × I be the set of all triples (x, y, t) such that x and y are not antipodal in 
−1 (N ) for some neighborhood N of ∆ R 3 . Hence the minimal distance ε between h t (x) and h t (y) over all triples (x, y, t) in the (compact) complement to C is non-zero. Without loss of generality ε < δ 5 . Let l t be a PL general position homotopy, ε-close to h t . By general position we can assume that l t has at most one double point l t (x) = l t (y) for each t ∈ I. In this case h t (x) and h t (y) are 
The fundamental group
For any link L :
. We also write g h for h −1 gh and g G for the normal closure of {g} in G, that is, for the subgroup of G generated by {g h | h ∈ G}. The proof of the following lemma is straightforward and we omit it. 
Let L be an m-component link and M ⊂ π(L) be the set of all meridians of L, which is closed under inverse and conjugation, though is not a subgroup. Let µ k denote the subgroup of π(L) generated by the set
Moreover, since any two meridians to one component are either conjugate or inverseconjugate, while the commutator identity [x,
−1 , our µ k coincides with the normal closure of In the same spirit we consider the quotient 
Proof. It suffices to consider the case where L ′ is obtained from L by a k-quasiisotopy with a single self-intersection of the i th component. We can assume that there is a plane projection, where this self-intersection corresponds to replacement of an underpass by the overpass. Say, an arc L(I − ) underpasses an arc L(I + ), and the arc L ′ (I − ) overpasses the arc L ′ (I + ), where I + and I − are disjoint arcs in S 1 i . Furthermore, we can assume that the k-quasi-isotopy has its support in I + ∪ I − .
Suppose that ∂I − = {p 1 , p 2 } and ∂I + = {p 3 , p 4 } so that the points p 1 , p 2 , p 3 , p 4 lie in the cyclic order on S Let us mention several observations following from the 'moreover' part of 3.2.
Proof. Let us assume inductively thatL = R k1,...,km (L) andL ′ = R k1,...,km (L ′ ) are homotopic and prove that the linksL ∪ K = R k1,...,ki+1,...,km (L) andL ′ ∪ K ′ = R k1,...,ki+1,...,km (L ′ ) are homotopic for any fixed i = 1, . . . , m provided that
th component of L as a solid torus containing k j curves parallel to its longitude, we obtain a homomorphism
by a commutator of weight ≥ 2k+3. The same can be said of the classes of l and l
and, using the homomorphism ρ, of the classes of K and
Since the latter group is nilpotent of class k 1 +· · ·+k i +· · ·+k m [Mi1; Lemma 5], the inequality 2k + 3 ≥ (k 1 + k 2 + · · · + k i + · · · + k m ) + 1 implies that K and K ′ represent the same element in this group.
Now using [Lin; Proof of 2.2] we obtain from 3.4 the following Corollary 3.5. Milnor'sμ-invariants of length ≤ 2k + 3 are invariant under kquasi-isotopy.
Remarks. (i).
The restriction 2k + 3 is sharp, for the link M k+1 from §2 is strongly k-quasi-isotopic to the unlink but has nontrivialμ(11 . . . 11 2k+2 22).
(ii). It follows that the link M k is not k-quasi-isotopically trivial.
(iii). It was proved recently [IO] that a link with vanishingμ-invariants of length ≤ 2k is k-slice (see [Co4] for the definition). Thus k-quasi-isotopically trivial implies (k + 1)-slice; a better result will be obtained, not using [IO] , in Part II.
The string link version of Corollary 3.5 (whose proof is same as that of 3.5) together with [Le3; Theorem 1] (whose statement uses a non-standard definition of 'det', explained in [Le2] ) yield the following
Example. In particular, for m = 2 the linking number c 1 is again seen to be invariant under 0-quasi-isotopy, and if it vanishes, the Sato-Levine invariant c 3 is unchaged by an 1-quasi-isotopy, and if both vanish, then c 5 , geometrically described in this case in [Co3] (see also [Co4] ), is invariant under 2-quasi-isotopy, an so on.
Let us record one more preperty of the isomorphism from Theorem 3.2. As we will see, it is useful to have this property stated in a form that can be easily transferred to similar situations. To this end, let us consider an equivalence relation R on links, obtained from ambient isotopy by allowing certain types of transversal self-intersections of components. Let F be a function assigning to every link L some group F (L) together with an epimorphism p L : π(L) → F (L). Then we say that F is a natural invariant of R if for any links L 0 , L 1 that are joined by a PL locally flat general position homotopy L t , t ∈ I, with a single singular link L s of allowable type, there is an isomorphism h between the groups F (L 0 ) and F (L 1 ) making the following diagram commutative:
is a regular neighborhood of L s containing the links L s−ε and L s+ε for some sufficiently small ε > 0, the homomorphisms i j are induced by the inclusions L s±ε ⊂ N (L s ) and the ambient isotopies between L s±ε and L 1/2±1/2 . The proof of 3.2 immediately yields Addendum to Theorem 3.2. For each k, the function G k assigning to every link
On the other hand, it is not hard to show (similarly to the proof of Theorem 3.7 below) that any quotient F k (L) of π(L), naturally invariant under virtual kquasi-isotopy, factors through the quotient G k (L). Since 1-quasi-isotopy coincides with virtual 1-quasi-isotopy, we see that G 1 (L) is in a sense the best quotient of the fundamental group, naturally invariant under 1-quasi-isotopy. (Of course the same holds for G 0 (L) and 0-quasi-isotopy.)
factors through the quotient of π(L) over the subgroupε k+2 , generated by
This means, using the notation m
Therefore (cf. the proof of 3.2) it suffices to show that for any link L 0 , any meridian m of L 0 , and any g ∈ π(L 0 ) there exists a k-quasi-isotopy L t with a single self-intersection of a component such that the link L s−ε imeediately preceding the singular link L s , has meridians m and m g k+1 sharing the same tail to the basepoint and winding around the arcs L s−ε (l 1 ) and L s−ε (l 2 ) respectively, where l 1 ⊔ l 2 ⊂ S 1 j is a small neighborhood of the preimage of the double point of L s .
To see this, first in the special case where L 0 is the two-component unlink and m, g are the 'simple' meridians to the two components (say, the generators in the Wirtinger presentation), let us consider the evident straight line homotopy with a single self-intersection from the Milnor link M k+1 to the link M k+1 , which is isotopic to the unlink and differs from M k+1 only in that the clasp is 'opened'. One verifies that the meridians m and m g k+1 of the link M k+1 are exactly as required, so our special case follows from the observation made in §2 that the straight line homotopy between M k+1 and M k+1 is a strong k-quasi-isotopy.
The general case follows by applying the special case 'locally'. We leave the details to the reader.
In the rest of this section we briefly examine some algebraic properties of the quotients of the fundamental group, naturally invariant under strong k-quasi-isotopy (in particular, of G k (L)). First we recall a piece of algebraic background.
In what follows, γ n = γ n G denotes the n th term of the lower central series of G, defined by γ 1 = G and
for each g, h ∈ G and some n = n(g, h), and an n-Engel group if moreover n can be chosen independent of g and h [Gr1] , [Ku] , [KM] , [Rob] . An element g of an arbitrary group G is called a (left) Engel element if (3.1) holds for each h ∈ G and some n = n(g, h), and a (left) n-Engel element if in addition n can be chosen the same for all h [Gr2] , [Ku] , [Rob] . We will sometimes use the expression 'bounded Engel' meaning 'n-Engel for some n'. For any group G we denote by ε n G, n ≥ 1, its n th Engel subgroup, generated by the set
, this subgroup is normal. It is easy to see that a group G is n-Engel iff ε n G = 1. Clearly, ε 1 G = γ 2 G for any G. Below we give an example showing that ε 2 G may be different from γ 3 G. Notice that ε 2 G is generated by
In this form ε 2 is in a sense more similar to γ 2 G, generated by {[g, h] | g, h ∈ G}, than to γ 3 .
Example. Here are two simple cases where ε 2 G = γ 2 G. The group
is the union of its subgroups i , j , k so that any two elements, conjugate in Q 8 , lie in one of them, which means that ε 2 Q 8 = 1, whereas γ 2 Q 8 = ijk . Alternatively, let D 4 be the 2-Sylow subgroup of the symmetric group S 4 , generated by the permutations (12) and (13)(24). Then D 4 is the union of its subgroups 
Notice that ε 2 F 2 = γ 3 F 2 since ε 2 F 2 contains γ 4 F 2 [Levi] , [Rob] , meanwhile both basic commutators of weight 3 in F 2 lie in ε 2 F 2 , namely:
(ii). It is not hard to show, using the above methods, that ε 3 F 2 /γ 5 F 2 is a subgroup of index two in γ 4 F 2 /γ 5 F 2 , and therefore ε 3 F 2 = γ 4 F 2 .
(iii). From the above argument we also see that the product of two 2-Engel elements is not necessarily a 2-Engel element.
Returning to links in R 3 , recall that we have shown in Theorem 3.7 that any quotient of the fundamental group, naturally invariant under strong k-quasi-isotopy, is generated by a finite number of (k + 2)-Engel elements. (To show that G k (L) is generated by a finite number of (k + 2)-Engel elements is much easier. Clearly,
provided that g is a meridian.) Thus to prove that such a quotient may be non-nilpotent (in particular to solve Problem 0.3 in the negative), one has to deal with at least one of the following two group-theoretic problems, dating back to 1950s [Gr1] , [Ba] , [Pl1] , which to the best of the authors' knowledge are still unsolved (cf. [KM] , [Rob] , [BM] , [Va] ):
(i) whether every finitely generated group where each element is bounded Engel, must be nilpotent, and
(ii) whether the set of bounded Engel elements of every group is a subgroup. These are slight modifications of the two more famous problems mentioned in the introduction. There are rather simple examples of non-nilpotent infinitely generated n-Engel groups [Rob; Ex. 12.3 .1], [KM] and an example, due to Golod (1964) , of a non-nilpotent finitely generated Engel group [KM] .
by imposing a family of multivariable identities (without constants other than 1). Then if k = 1, the group F k (L) is nilpotent, and for any k, all its residually finite epimorphic images are nilpotent. b) Any epimorphic image of F k (L) with all Abelian subgroups finitely generated or with all normal closures of single elements finitely generated, is Engel. c) Any solvable or Noetherian (in particular, any finite) epimorphic image of
Recall that a group is Noetherian if all its subgroups are finitely generated. The second part of (a) should be compared with the fact [Hem] , [Ka] that the fundamental group of any link is residually finite (i.e. admits, for each non-trivial element, an epimorphism onto a finite group which does not trivialize this element).
Proof. (a). By Theorem 3.7 and the assumption, F k (L) is a (k + 2)-Engel group. Now finitely generated 3-Engel groups are known to be nilpotent [Hei] . The second assertion follows from the result of Wilson [Wi] that any finitely generated residually finite l-Engel group is nilpotent.
Remark. For finite, rather then residually finite, epimorphic image it suffices to use the easier result that any finite Engel group is nilpotent (see [Rob] and references in [Gr1] and [Ku] ).
(c). The imagem i of each meridian m i in the quotient F k (L) is a (k + 2)-Engel element by Theorem 3.7. This holds if we proceed further to the given solvable (or Noetherian) quotient Q of F k (L), that is,m i ∈ Q is a (k + 2)-Engel element. Since Q is solvable (resp. Noetherian), by [Gr2] (resp. by [Ba] ) all its Engel elements form a normal subgroup. But the m i 's normally generate π(L), hence them i 's normally generate the whole S, thus Q is an Engel group. Now every Noetherian (resp. finitely generated solvable) Engel group is nilpotent by [Ba] (resp. by [Gr1] , see also [Rob] ) which completes the proof.
(b). This is analogous to the above argument, using the result of Plotkin [Pl2] that in a group with all Abelian subgroups (or all normal closures of elements) finitely generated the set of Engel elements is a normal subgroup.
Appendix. A proof thatβ =μ(1122) mod lk
We are to prove that the invariantμ(1122) ∈ Z/ lk defined by Milnor [Mi2] satisfies the crossing change formula (1.2), which essentially defines the generalized Sato-Levine invariant [KL] , [Akh] , [AR] , [PV] , [AMR] . The equalityβ =μ(1122) mod lk follows then, as it is easily seen that for any l the four-component link R 2,2 (H l ) has vanishing µ(1122). As mentioned in §1, the equality was known [KL] + [Co2] . What we suggest is a self-consistent elementary argument avoiding any reference to the Conway polynomial.
We recall the definition of µ-invariants following Levine's approach [Le1] . Given a link
The requirement that any meridian should commute with all its conjugates can be seen to arise from the willing to have G(L) preserved under elementary (and hence arbitrary sequences of) self-intersections of the components of L, see [Mi1] , [Ca] , [Le1; p. 386] or the proof of 3.2 for details.
where m 1 , m 2 , . . . , m n−1 is a set of meridians, one for each component, l 1 , . . . , l n−1 are the corresponding longitudes (regarded as words in m i 's), and R j , j = 1, 2, . . . are all commutators in m i 's with repeats, i.e. with some m i occuring at least twice. Now any element α ∈ G(T ), where T is the trivial link and therefore π(T ) = F n−1 , the free group on n− 1 generators m 1 , . . . , m n−1 , has a unique decomposition into the product of powers of basic commutators without repeats (see [Le1] for definition and proof; for a general treatment of basic commutators see [Hall] ), which is finite since G(L) is nilpotent by [Mi1] where m 1 , m 2 , m 3 are substituted for convenience by x, y, z respectively. The integers e i depend on the choice of basis in F n−1 , and hence should be considered only up to certain transformations (all of them are generated by conjugations m i → (m i ) g , see [Le1] for details). Next, a choice of meridians yields a homomorphism π(T ) = F n−1 → π(L) which yields φ : G(T ) → G(L), so for arbitrary L and α ∈ G(L) we are led to the representation (A.1). However, in general l i are not trivial and so the relations [m i , l i ] = 1 arising from the peripheral tori are not vacuous, hence the representation (A.1) is not unique with respect to a fixed basis of m i . The commutator numbers e i = (e i ) j for α = α j = [m j , l j ] give the precise indeterminacy in this case. Finally, if we let α be the class of L n in G(L), the obtained commutator numbers e i up to the prescribed indeterminacy are, together with the invariants of L, the complete set of homotopy invariants of L ′ [Le1] , including all Milnor's invariants with their original indeterminacy. In particular, in the formula (A.1) above, e 1 , e 2 , e 3 are the linking numbers of L 4 with L 1 , L 2 , L 3 respectively, e 4 , e 5 , e 6 are the triple µ-invariants corresponding to the triples (L i , L j , L 4 ), where (i, j) run over the two-element subsets of 1, 2, 3, and e 7 , e 8 are the two independent quadruple invariants µ(1234), µ(1324) respectively. Now letL − andL + be two-component links of linking number l, related by a single positive crossing change so that the formula (1.2) applies. Let us denote L ′ ± = R 2,2 (L ± ) and L ± = R 2,1 (L ± ) so thatL ± = K (Fig. 6a ) and L + (Fig. 6b ) are link homotopic (by the obvious homotopy with a single self-intersection on K ± 3 ), the two groups G(L − ), G(L + ) are isomorphic by an isomorphism h taking meridians onto meridians and longitudes algebraically somewhat close to longitudes [Mi1; Theorem 2], [Le1; Theorem 4] or Theorem 3.2. In our case the only longitude one should worry about is α − , and its behavior can be exactly described. Let τ 1 , τ 2 ∈ G(L + ) be the classes of the two lobes' longitudes, joined to the basepoint as shown on Fig. 6b , so that the linking number of each τ i with K which is not surprising since µ(1212) = −2µ(1122) [Mi2] and proves the crossing change formula (1.2) for the residue classμ(1122) modulo l, taking for granted the fact that it is well defined mod l. However, the analogous calculation for ξ:
shows that there is no hope to find an integral-valued function of e 1 , e 2 , . . . , e 8 satisfying (1.2).
